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Abstract The accuracY llf I-D models for composite hcams made or hncarlv clastic orthotropic
layers is eslImated hy mcans of the Prager Synge 11\ perurcle method, Statically admissible and
kinematIcally admisslhle streS' liclds are dcrived. and as\ mptptlc forms for the error bounds of
0(11 /) and 0(11 I)' for 11 / apprnachlllg zero are ohtallled f,)r dlsplacemellt-hased laminated beam
theories where the axialllIsplacement is represented in tcrms of a gl\ en set of coordinate functions
defined over the heam height, The condition of \anishm." 01 rl'laltw mean-square error for 11//--- 0
is used to derive thc mnslitutive la'" for Ihe 1-0 model, F\pltclt l'orl11s for Ihe error bounds are
given for the c1assicallanlillatllHl theory. lirst order shcM ,kl'ormatlon thcory and two higher order
theories, QuanlitatiVl' error bounds are cakulated for sit'lph supported multilayered beams under
sinusoidal transverse loading, IllS slto\ln Ihat. starting frlll1' a II isc ,'hoicc "f coordinate functions.
the accuracy of higher order Ihcorics can be almoSlllldepct1dcllt of the beam lamll1ation and up to
150 and SO times hlghcr than ('1 T alld FSDT. respectivl'lI

I I'\TR()[)ICTIO'\

It is widely recognized that a rational foundation of ~t I-D theory for the analysis of
homogeneous or laminated beams needs to be validaled through the estimate of the error
connected with the approximate character of the lll111kl (KoiteL 1970). Following the
classical way, outlined in the Rcissner papers (Reis,neL 1963). error bounds can be evalu­
ated by constructing statically (5) and kinematically (K) admissible 2-D stress fields as
close as possible. Then. the accuracy of a I-D beam llludeL \\ hen considered as an approxi­
mation of the exact 2-D solution. can be estimated b: mealb of the hypercircle method by
Prager and Synge (1947),

The effectiveness and comparison of different he.tm nwdels should be substantiated
by checking their capability of describing both thc intenor ,olution and the boundary
effects. Even though houndary effects are usually \cry significant for orthotropic beams
[see. for instance. Choi and Horgan ( 1977 ). Savoia (/ ul. (1993) . Savoia and Tullini (1994)],
with very few exceptions (Rychter. 19X7a). error estilll~ttes are typically restricted to the
interior solution. and in particular to its asymptotic behil\ior 1"01' height-to-Iength ratio
approaching zero.

In spite of the great potentialiltes of the hyperctrclc Illethod. rather simple theories are
usually considered. For instance. with reference to isotropIc beam and plates theories based
on the Kirchhoff Love hy pothesis. Koiter ( 1970) and "iordgren ( 1971) derived bounds on
the relative mean-square error of O(h I). where 11 is Ihe beam height and I is a measure of
the solution wavelength (Koiter. 1970). Bounds 01" 0(11: h h,,\ e been obtained by Danielson
(1971). Simmonds (1971) and Ladeveze (1976) Ll,\ltlson' s beam theory accounting for
transverse shear deformations has been conSIdered by Rychter (1987b.c). In Duva and
Simmonds (1990.1991) a relative error of 0(/1' I'). where ,\ is any positive integer, has
been obtained for orthotropic (possibly weak in shear) rectilngular beams making use of
an asymptotic expansion of the Airy stress function ()rrections due to 2-D end effects
have been considered in Duva and Simmonds (]YY2 J, Energy hounds for classical and
shear-deformable plate theones ha\c been obtaltled by Nordgren (1972) and Rychter
(1987d.e. 1993) for homogeneous anisotropic plates Lt(!c\eze (1980) showed that. by
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taking the exact edge conditions into account. the error of classical and Reissner-Mindlin
theories cannot be lower than 0(11 I), whereas estimates of O(h C![2) must be regarded as
interior-domain error only. since the S admissible stress field used does not usually satisfy
the prescribed edge conditions (for instance, in the case of a traction-free edge). On the
basis of this study. Ladeveze and Pecastaings (1988) proposed an improved version of
Reissner's theory (called Optimal ccrsiol1) for homogeneous isotropic plates with any
boundary conditions which is a second-order approximation of the exact solution. Finally,
more accurate displacement fields have been proposed by Rychter (1988a,b, 1992) so
obtaining error bounds proportional to the height-to-Iength ratio cubed.

In this context. to the author's knowledge, the only paper devoted to multilayered
plates is due to Van Keulen (1991) who used Danielson's technique to obtain an error
bound of O(h C p) starting from classical lamination theory. Moreover, in Van Keulen
(1991) it has been shown that the ratio hil for which the classical theory can be used safely
is much smaller for multilayered (especially fiber-reinforced) plates than for homogeneous
isotropic plates under similar conditions.

In none of the referenced papers the error bounds are quantitatively computed, so that
they cannot be used to compare the accuracies of different 1-0 models. This problem is
particularly important for laminated beams. In fact. in spite of the completely different
behavior, the same displacement-based models proposed for homogeneous isotropic beams
are usually employed, with the mere adoption of appropriate constitutive laws. For instance,
classical lamination theory (CLT) (Reissner and Stavsky, 1961) and first order lamination
theory (TSDT) (Whitney and Pagano. 1970) represent the straightforward extension of
Kirchhoff and Reissner's theories to laminated plates. Moreover, Lo et al.'s (1977) higher
order model adopts power functions of increasing order over the whole beam height as
coordinate functions for displacements. These models are not sufficiently accurate for
laminated beams, due to the discontinuity of shear modulus at the layer interfaces requiring
discontinuity of shear strain and, consequently, of derivatives of displacements through the
beam height (Pagano 1969. Savoia and Reddy. 1992; Savoia et al., 1994).

In this paper, the accuracy of classical and higher order displacement-based models for
multilayered beams is discussed. First of all. an energy-consistent derivation of equilibrium
equations of 1-0 models based on the assumption of transverse inextensibility is performed.
Then, ",ith reference to the interior domain problem, an S admissible stress field and a
lower accuracy K admissible stress field are derived starting from the 1-0 solution. The
relative mean-square error is dominated by the difference between the shear stress dis­
tributions and is found in the asymptotic form (I. h;l for hil --+ 0, where the coefficient Cl

depends on the beam lamination and the 1-0 model adopted.
Subsequently. an improved K admissible solution is constructed. which can be viewed

as an extension of Danielson's solution to higher order models for orthotropic multilayered
beams: the corresponding relative mean-square error is (II. (hI1)2.

The proposed error bounds apply to all the displacement-based models which represent
the axial displacement by means of a linear combination of coordinate functions defined
over the beam height and unknown functions defined along the beam axis. The coefficients
C 1 and ell can be used to measure the accuracy of the I-D model adopted as the starting
point for deriving the S and the K admissible stress fields. Explicit expressions for these
coefficients are obtained for CLT. FSDT and higher order theories, including the Lo et al.
(1977) model (LHDT) and the refined model proposed by the author (Savoia et af.,
1993). The last theory (SHDT) is based on piecewise polynomial CO-continuous coordinate
function for the axial displacement. defined over the whole laminate height and selected so
as to satisfy the shear stress continuity at the layer interfaces.

The accuracy of 1-0 models is quantitatively evaluated in Section 7 with reference to
simply-supported multilayered beams under sinusoidal transverse loading. The examples
presented show that, unlike the single-layer models based on C 7 -continuous coordinate
functions (CLT, FSDT. LHDT). the accuracy ofSHDT is substantially independent of the
beam lamination and the degree of orthotropy of layers. Moreover, the lower-accuracy
error bound (related to coefficient (~I) for SHDT is much narrower than for CLT and
LHDT. due to the more accurate representation of shear stresses. On the contrary, improved
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error bounds for LHOT are only slightly wider than those given by SHOT; in fact, as
shown in Section 6. the additional axial displaccment corrcsponding to the improved
displacement field for LH OT represents a good approximation of the cross-sectional warp­
ing due to shearing stresses.

The numerical examples presented clearly show that evaluation of the asymptotic
behavior (for l!h ----> Y...) only of the error bounds can lead to erroneous conclusions when
beams of finite length arc considered. For instance for both isotropic and orthotropic
laminated beams, the error bound of O(II'() for FSDT and for LHDT can be much wider
than that of O(h[) for SH OT if LII < 200 and L h < 50. respectively. This fact represents
a strong motivation for the development of I-D higher order beam theories giving ab initio
accurate stress distributions.

2. THE ~-[) FL\STtClT'r PROBLF\1 FOR \ll L11LAYERED BEAMS

A multilayered beam of length L and rectangular cross-section is considered, having
unit thickness which is assumed sufficiently small relative to the beam height so that the
plane stress hypothesis applies; .\ I and\': axes are chosen in the axial and transverse
directions. respectively. :\on-dimensional coordinates\' =\' I Land r = .\2/h are introduced
(Fig. I), so that the domain occupied by the beam reduces to Q = [0, I] x [-1/2, 1/2].
The beam is composed of N linearly elastic orthotropic layers, perfectly bonded and
symmetrically arranged with respect to the x-axis: their thicknesses are denoted by h,
(i = L ... N) and the layer interfaces arc located at r = rr (i = I .... N -1). The beam is
subject to two equally distributed transverse loads /1(.\) 2. acting at the top and bottom
faces of the beam (y = ± I 2) and tractions!,.): at the end sections.

The "interior problem" will be considered here or. equivalently. the prescribed dis­
placement and stress boundary conditions at the beam ends (\' = 0. I) are supposed to have
the same thickness distribution as the K and the S admIssible fields that will be further
constructed, respectively

The governing equations of the 2-D linear elasticity problem are:

(A) Equilihrium equulioll.\

I I
Lrrj-+-h(J"

I
L (T: I (Tn = 0 on Q;Ii - (l a,b)

(T I : = 0 (T, _ = () al \ = \', ;

(T = o. (T. ±P(·\)
~ at \ .~ :.t: I ')

(2a,b)

(3a,b)
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(B) Strain-displact'nlt'nt relations and di.lplact'l1u'nl compatibility at the layer inter/aces

on Q: (4a,b,c)

U I =0. IU2~=0 aty=y,.

(C) Constitutire Imr/l)r orlhotropic larers

where

("1111 = E I (l-\12\'21)' C I122 = \'12£2'(l-\'12\'21)'

("2222 =1:'2 (1-\12\'2Il. CI'I: =G 12

(5a,b)

(6a,b,c)

(7)

and £j. £2 are the Young moduli. G 12 is the shear modulus and V12, V21 are the Poisson
ratios, In eqns (l)-(6), comma means partial derivative and the symbol [.] stands for jump
of the relevant argument: moreover u and Il are the stress and the linear strain tensor and
u is the displacement vector.

:J ENERGY-CONSISTENT DERIVATION OF I-D MODELS BASED ON THE ASSUMPTION
OF TRA:---.ISVERSE IN EXTENSIBILITY

An energy-consistent displacement-based beam model can be obtained by direct sub­
stitution of an (/ priori assumed displacement field into the 2-dimensional virtual work
statement (Lewinski. 1997). This variational equation states. for the problem at hand:

-hlfl2

(fl UI +.l2U2) drl.' ~.I = 0 (8)
1 ~ y = I)

to hold for every kinematically admissible displacement field UI, 172, This procedure allows
for the direct derivation of the set of equilibrium equations involving the active part of the
stress tensor only (Truesdell and Noll. 1965). Most of the 1-0 beam models are based on
a displacement field which can be written in the form:

where

u(x.r) = -np(x)+ I 1jJ,(r)xJxl = -ycp(X)+IjJT(y)X(X).
I

(9)

(10)

Equation (9a) represents the classical kinematic assumption of beam inextensibility in
the transverse direction. whereas the axial displacement is represented in eqn (10) by means
of a linear combination of coordinate functions y and IjJ and unknown functions cp and X.
1-0 beam models differ in the number n, and the type of coordinate functions 1jJ, which are
usually selected like the first terms of a complete set of functions, e.g. power functions
(Chepiga, 1977: Lo et aI" 1977) or Legendre polynomials (Cicala, 1962) over the whole
beam height. or CIl-continuous functions (M urakami. 1986: Reddy. 1987: Savoia et al.,
1993).
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Substituting eqn (9) in (Xj and performing an integration by part yields:

525

+h [ [ulet7l:
~ II

\ "'1

. dy+h I I ~ulet7' d.\-+-[ ... J;
I,.,il

= 0 If t7(x, Y), I1(X), (II)

where the terms enclosed in the last parentheses are evaluated at the beam end sections.
Substituting eqn (10) in (11) and making use of the fundamental lemma of variational
calculus yields the following set of equilibrium equations for the interior problem:

h (' 'I',I UI' d\ p(.\).
L (\. I: -

I'

\ I

I -UI'\

I

\ I

'\
"--

I

= o. (12)

Equation (12a) does not contain the stress component u", which is a reactive com­
ponent due to the vanishing of the transverse strain 1:". Hence, the equilibrium condition
in the transverse direction can be imposed in a global form only. Moreover, eqns (12b,c)
state that the equilibrium in the axial direction is imposed by means of a set of nt+ 1
(linearly independent) equations. It is worth noting that the first term only in eqns (l2b,c)
corresponds to the Bolle Mindlin manner of deriving the equilibrium equations, that is by
taking the higher order moments of the equilibrium equations over the beam height (Lib­
rescu, 1967: Reissner. 1985). Hence. as pointed out in Lewinski (1987), the Bolle-Mindlin
procedure appears to be energy-inconsistent; it would be energy-consistent only if the shear
stress UI2 (written in terms of displacements) satisfies the equilibrium eqns (2a,3a) at the
external faces of the beam and at the layer interfaces. Usually these conditions cannot be
met. unless functions which (/ priori and individually satisfy equilibrium equations are
adopted as coordinate functions.t

As far as the stress strain relation is concerned. the introduction of an internal con­
straint in the space of admissible deformations requires a proper definition of constitutive
equations involving the active part of the stress tensor only (Truesdell and Noll, 1965;
Podio Guidugli. 1989). i.e. the stress components UII and UI< hence, the constitutive law
for the general layer is written in the form:

(13 )

In the following section. the constitutive coefficients Cflll and C1212 will be written
in terms of the 2-D elastic coetllcients of eqns (7) by setting the vanishing of the mean­
square error for h L approaching zero.

Making LIse of eqns (9. 10). the stress components ( 13) are rewritten as:

tThe Bolle-Mindlin procedure L"lIlnU! he used l'\en whcn l'qth (2a..'a) are ,atisfied hy prescrihing a fixed
dependence hetween the unknuwn lunc!lons I,. to and X Isee lor Instance Andrcev and l"cmirovskii. 1977:
Levinson. 19XI: Rasskazov ('{ "I.. 19X.1I. In fact. thc equilibrium equations demed from the virtual work principle
are substantially different both frol11 the higher urder mUlllenh "f the 2-D equilihriulll equations and from eqns
(12) (Savoia <'I (/1.. 1994)
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(14)

where prime stands for derivative with respect to x. Substitution of eqns (14) in eqns (12)
yields the governing equations in terms of the unknown functions IJ and X:

Ii (" D' Ii (" DI· )L I I' ,.,(11-(.0) + L 1'1' ""Z = -p(x,

(lYC"'I/"~O'+-C,,,'D"('I-<P)+C'212D;ljIX= 0,

f II \:\L) C I I I ",,,,f -- c :l' D""" Z - C 2 I 2 D n ;, (/( - <p) = 0,

where the following coefficients have heen introduced :t

(15)

f
l2 C'!"I,d·l

• lC*I'I' 'j'D= ,.. 'l'dt= "._I/t
ltV 2 C'''I: dr' C'121:. '

I'

I 2

f
l' C*

I.
. I I I I • d

\T == .... , y~. y.
i : C I I I

C*
II II t/Jt/JJ dr,

. C'IIII . f
l2 C1212 dt/J dl/lT

DljItiJ = -.-- -d -ddy (16)
01 - I 2 C\ 212 y y

and C I II I' C I : I: are arbitrary reference elastic moduli. Equations (15) have been derived
by imposing the vanishing of the following coupling coefficients:

'I: C*
I" = I .1 I I I rt/J dr = O.

, I: ( I I I I

(17)

Of course. starting from any set of coordinate functions l{J(y), a set of functions t/J(y)
satisfying eqn (17) can be easily ohtained by making use of a Gram-Schmidt orthog­
onalization process,

Equations (15) can be specIalized with reference to many higher order beam models,
since only the calculation of the coefficients reported in eqns (16) is required. For instance,
ifno additional terms t/J(y) Xev) are used for the axial displacement (10), equilibrium eqns
(15) reduce to the "kinematic version" (that is to the accuracy of the shear correction
factor) of the First Order (Reissner Mindlin) laminated beam theory:

(18)

4. ERROR ESTI\1All lOR 1-0 BEAM MODELS

The accuracy of 1-0 models when considered as approximations to the original 2-D
problem can be estimated hy mcans of the hypersphere theorem of Prager and Synge

tThe followmg property has oeen u,ed In d,Ti\l' eqn (I he I

. I
• I

dljl dl/!' ,,[. dljlTJ' -I, .\ I,[,. dt/lT]
I I. LilT (",.1jI ~d.. . - 2: I (""t/I-d' .

l.\ l I I \ 1:' i co. I J I,
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(\947). It is particularly meaningful to ohtain error hounds for the energy error where the
dependence on the height-to-length ratio of the beam is made explicit.

Denoting by it and i1 t\\O Sand K admissihle ~-D stress fields derived from the 1-0
solution, the Prager Synge hyperspherc theorem states that the exact solution (T is bounded
by the ineq uali ty :

it - (T

iJ
(\ 9)

where c = it - i1 lit is the computable rela tive error. Eq uation ( I')) provides for an error
bound when the S-admissihle stress field it is used as approximation to the exact solution
(T. Of course. the actual relative error e = it - i1 (T can be computed only when the exact
solution (T is known: nevertheless. as shown in Van Keulen (1991) the computable relative
error c has the same asymptotic form as the actual relative error. The symbol i'l! denotes
a mean-square norm for the stress tensor. which is based on the (positive-definite) comp­
lementary elastic energy functional.

(20)

where S = C is the compliance constitutive tensor and the operator (')0 is defined as:

1(Y. \) () I I(Y.l)dldl
, 'I

(21 )

In the following. when the runction ICy. I) can he expressed Il1 terms of separation of
variables as/(x. .1') = 1/ (\)1 ,,( .1'). the following notation is used:

where

I(Y.l) (I) J' !( \.) (22)

'I

(.y)//= ,II/(Y)dc
...., "

II _cc 1'1: /;,(r)dr.
\j ..

, 1-

(23)

4.1. Statically admissihle ~-[) Sires,\ distrihlltiu/l

A stress field it = ~6' 1.6'1:'6'_,,: is statically adl11lssihle ifit satisfies the 2-D equilibrium
eqns (1-3). Starting from the stresses obtained rrom a 1-0 beam model (denoted by
afl, af2),t an S admissible stress field can be derived by assuming 6'1 coincident with afl

and obtaining shear and transverse normal stresses by performing the integration of eq ui­
librium eqns (Ia.h) over the heam height. making use or the stress continuity (2a,b) at the
layer interfaces and of stress balance (.la.b) at I I 1

where

(24)

'1, III , l11'. I,,(Y. I) = -I f12, dl'
,..,[1

(25)

and u(x.r) is the dimensionless axial displacement defined in eqn (10). It is easy to verify

tDisplacements. stn.>,scs Cllld ,trams L'Mrcspl'ndmi! to the I-I) sl,lullL'n arc marked with an asterisk
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that. by virtue of the overall equilibrium In the transverse direction expressed by eqn (12a),
the stress field (24) satisfies the stress balance (3a.b) at l' = 12.

4.2. LOll'('/" (iCClImcl' K admissih!l' 2-D sO!l/rio/!
With any given 1-0 displacement field lI*. lIf. a K-admissib1e 2-D displacement field

Iii, lI2 and the related stress field (1 = :tT ll . 0'1 '" tT 22 : can be associated, such that:

lIll\.l') = l/i(\.l') = hll(X,l'). (26a)

(26b)

(26c)

Making use of eqns (6b) and (26a.c) the transverse extension for each layer is obtained
in the form:

( (11'2 h
;: ' ~ ~ LU" (27)

C (2222

Therefore. by integrating eqn (4c) making use of interface compatibility condition
(5b). the following expression for the transverse displacement is obtained:

(28)

The second term 111 eqn (2~a I rcprc,ents the transverse deformation of the beam related
to the Poisson effect. The addition 01 this tcrm is essential to obtain a bound on the error
approaching zero when IT L ---> n,

From eqns (4). (6). (26al and (2SI the follo\\ing K admissible stress field is derived:

•

(29)

It is \\orth noting that till' addition of 1.1/. in eqn (28a) gives rise to a "spurious"
contribution for the shear stress tT, - in eqn (29h). In fact. as will be shown in Section 6, the
shear stress 0' 12 does not represent an improvement over that given by the 1-0 model and,
in some cases. can be even worse than the original 1- 0 shear stress.

Following Koiter (1970). the consistency l)f a I-D model requires the possibility of
constructing 2-D Sand K admissible stress fielcls whose relative error approaches zero
when h L ---> O. Equations (24) state that a! I is the largest component of the stress tensor,
so that the consistency requirement Lall be fulfilled only if the Sand K admissible normal
stresses all and tTl of eqns (24a) and (2LJa) coincide. This condition yields the following
expressions for the 'Young modulus of the I-I) constitutive law (13):

*I I; ( I (30)

which represents the direct extension to orthotropic materials of the classical reduced
stiffness coefficient. For a beam under plane stress (see eqns 7), eqn (30) reduces to
Cilll = E I . As for the shear modulus. the most natural choice is to assume
Cb 2 = (I' -. so that the tirst term at the RHS of eqn C~9b) reduces to the 1-0 shear
stress ai2



529

Due to the relative magnitude of the stress components given by eqns (24), since all

has been set equal to 0- 11 , the computable relative error bound c is dominated by the
difference of shear stresses reported in eqns (24b) and (29b) and can be given the following
asymptotic form for h L -> 0 :

{;I ~ Cl h +0(( h)
L J.

where the coefficient C I
• gi\en by:

C I = <SI'I:(fl:-(Lh):Gi:+C'I,!lIl:,)')il

<SliIIC~~,lIp

(31 )

(32)

depends on the beam lamination and loading condition as well as on the model used for
the I-D solution. This coefficient. which will be named "I-order accuracy coefficient" in the
following, can be used to estimate the accuracy of the I-D modeL

The displacement field "I' II, of eqns (26a) and (2~) represents an extension to shear­
deformable multilayered beams of the modified Kirchhoff-type displacement field obtained
by Koiter (1970) in the framework of the classical theory of isotropic shells. In particular,
eqn (26b) states that the transverse displacement II f LII(Y) given by the I-D model has
been assumed as the midplane displacement of the beam when considered as a 2-D body.
Of course. this is not the only possible choice For lI1stance. Reissner (1944) considered
rr(x) as the transverse displacement weighted over the beam height by the function 1-(2IY.
With reference to classical plate theory. Ryehter (1993) derived an infinite family of possible
weight functions that can be adopted to this purpose. It is to be noted that for the problem
discussed here (a symmetrically laminated beam subtect to two identical transverse loads
at the top and bottom faces) the transverse displacement II: in eqn (28) varies along r
according to an even law. so that all the proposed definitions coincide.

4.3. Higher i/CCIIl'ilcr K iIi/mis.liNe 2-D .IO/llflu/}

By inspection of eqns (31) and (32) it is C\ldent that in order to improve the error
bound it is necessary to make the shear stress 0-

1
: e1lhe to 17

1
:, To this purpose. a second K

admissible solution is proposed by introducing an adclitlOnal term for the axial displacement
so as to make the new shear stress equal to the S admissible shear stress 0'1: of eqn (24b).
I.e.

(33)

where

(34)

The first integral in eqn (34) vanishes if the shear ~lI1d the normal stress distributions
Gil, Gi: given by the l-D model satisfy the equilibrium eqns (Ia). (2a) and (3a). The second
term is required to remove the "spurious" term appearing in the shear stress (29b). The K
admissible stress field obtained from the improved displacement field (28). (33) is:

(35)

Hence. the difTerence between the S and the K admissible stress fields G and uis now
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related to terms of order (h;L)C 0(11). Making use of eqns (24) and (35), an improved (11­
order) bound for the computable relative error is obtained in the form:

(36)

where the "'I I order accuracy coefficient"· C'I is:

ell = ~!illl I C; III L1u;, + SccccU~: - C I ::L1u l J' + 25] m C IIII L1uI.Af~c - C II22 L1U I .X»11

<Sill' CI~~ IUC,)U

(37)

The procedure used to obtain the improved displacement field is reminiscent of that
proposed by Danielson (1971) in the context of classical theory of isotropic shells. The
derivation given here can be used to obtain error bounds for any 1-0 laminated beam
model based on the assumption of transverse inextensibility.

5. ERROR ESTIMATES FOR SOME 1-0 BEAM MODELS

For most of the 1-0 displacement-based theories. the relative mean-square error ecan
be given an explicit form by deriving Sand K admissible stress fields from eqns (24), (29)
and (35). In this Section. error bounds are obtained for CLT, FSOT and the higher order
theories based on the displacement field (9). (10) (Table I).

5.1. Classical laminalion lheorr (CL T)

Classical lamination theory, which represents the extension of the classical Euler­
Bernoulli model to multilayered beams. is based on the following displacement field and
equilibrium equations:

(38)

J1(v) (39)

'I

where M(v) = h' I (Jllrdr IS the bending moment. Starting from the axial stress dis-
• I C

tribution (Ji, given by eqns (13a) and (3~a):

(40)

an S admissible stress field can be obtained in the form of eqns (24). where:

Table I. AXial displacement. higher order coordinate funcliuns and equilibrium equations for the classical
laminatIOn theory (CLT). first order shear deformation theory (FSOT) and the higher order models by Lo et al.

11977) (LHOT) and Savoia eI al. (1993) (SHOT)

Model

CLT
FSOT
LHOT
SHOT

n((x)
- \'(;?(x)

,'!'(\) + ",'I r)z(x)

](;?(\) +",'lrIZ(\)
",

C" continuous functions (eqns 62)
and (63)

Equilibrium eqns

eqn (39)
eqns (18)
eqns (15)
eqns (15)
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(41 )

",

'~Ic(r) = I Cflll}'dL
-.i I ~

(42)

As for the K admissible solution, the additional transverse displacement and the related
shear stress are given by [see eqns (28) and (29b)] :

(43)

where

(44)

Hence, making use of eqns (24), (40), (41) and (43b). the asymptotic form of error
bound of eqn (31) is obtained. where the corresponding accuracy coefficient is:

. \

)/
(45)

Making use of eqn (39). the first term at the R,HS of eqn (45) can be set equal to
L;/" where II is the solution wavelength which depends on the only loading condition
through the axial variation of bending moment M(x) and shear resultant T(x) = M[1](x) :t

II (46)

Correspondingly. the lower order error bound can be rewritten as a function of the
height-to-wavelength ratio:

(47)

As for the improved error bound. CLT gives rTf: = O. and the additional axial dis­
placement dU I defined in elln (34) reduces to:

du , = J('(\)r(.1'). 1'(.1') = I (SI,·I"~icU')-IlU))dl~.
.../Ii

Finally, the II-order error hound can he expressed as:

~II ;11 ("h\)'-
(' ~ C (Cll, !~ .

\ -

where

+Bracket stands for derivative wIth respCCI 10 \ ,so thatH' I If I L

(48)

(49)
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C'vI'>,
/ .\1 1

" !

(50)

It is worth noting that coefficients (:(LT, and {!~LTI defined in eqns (47b) and (SOb)
depend on the beam lamination only. whereas the dependence on the loading condition is
restricted to the definition of solution wawlengths I[ and 12-

5.1. H(qher order sheur de/orma(io/l (l/Coricl
The procedure described in Section .f can be used to obtain error bounds for any higher

order shear deformation theory (HSI)T) governed by equilibrium eqns (15). The analytical
details are reported in the Appendix.

The shear stress obtained from the I-I) model can be written in the form:

(51 )

Ivhere the functions:

represent the variations over the beam height of the contributions to the shear stress (Tt2
related to (P" and Z". respectively. and CI,. e,. g",. [" are sets of coefficients which depend on
the beam lamination and the set of coordinate functions adopted. Moreover. the S admiss­
ible shear and transverse normal stress. the additional transverse displacement and the K
admissible shear stress are obtained 111 the form:

! h " / h . .
(f • = (r) / ' - (J) [.~ : (1')(,0" ~s;,,,,(r)z'l

(f,_ = (~Yf., = (~} [~,~" (r)(p'" +sb,(y)z"'] .. .

(f, (53)

where .\'[ :. (r) . .\"" (r). 11. (I) coincide lIlt h .~ [,(1).~.: (,1'). Il(y) defined in eqns (42) and (44a).
and:

(54)

Finally. making usc of egns (14a). (51 ) and (5ja.c). the asymptotic error estimate (31)
is recovered. with:
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S':I,[ISI', -SI:,)(I" (s:,,,-sL,lz"f)o
(S'I I (}i I

(55)

where the condition Z ~ (Ii L)' ((I i~ u~ed to ITmO\ e the normal stress related to the higher
order contribution rjJl Z at the denominator [see eqn~ (A:I) in the Appendix]. Finally,
making use of egns (A5). the lower order error hound can he written as:

'I Ii
(,I ~ r

~ '- 111SI)[, I
1

S,: ,[(1'1'

\) 1 I ( I'I,

(56)

where /1 is the ~olution \\a\c1ength defined in eqn (46) Equation (56) gives error bounds
for I-D models based on displacemcnt tield (9). ( I ()) For in~tancc. FSDT retains the cross­
sectional rotation (p(x) only in the axial displacemcnt. and the ~econd term in egn (56)
disappears.

As for the improved K admissible solution. the (dimensionless) additional axial dis­
placement is:

where

('HI I, (I lip \,1,(1 IX. (57)

1,(1')= r'[Si:I'(~I' -'I'
-...1.1

II,) d\. \.( 11 ~ I [S;: 1.(5 1 -512,/,) -n,,,] di' (58)
,"

and the improved error estimate can bc written in the form of cqn ()6). where

_II ~II ( Ii)--
e ~ (1IiSIlI, .I> . 'II

( ,11\1>1,
U,(I)+F,:,( l)Cw C, +c,I,F'I,(1')CV'('~)h

- --- --- (59)

and F,. F",. F", are sets of functIons ddined o\er the beam height. which are not here
reported for the sake ofhn.'\lt y. For instance. for FSDT egn (59h) reduces to:

(60)

Coefficients (:IISI)[, and (,I:ISI)], reported in eqn~ 156h) and (59h) depend on the heam
lamination as well as on the set of coordinate functIOns, Hence. the error bounds defined
in egns (56a) and (59a) are useful to estimate the accuracy of stress fields derived from
different I-D models. In the numerical examples (SectIon 7) two higher order theories will
be considered. presented in Lo el (//. (1977) and Savoia el ill. (199:1)_

The Lo Christensen -W u higher-order theory (L H DT) adopts a set of power functions
of increasing (odd) order defined over the whole heam height as coordinate functions. The
procedure developed in the present paper applies to It if a linear combination of power
functions is adopted. satisfying the orthogonality condition (17) The main drawback of
this model is the fact that. even though a complete set of coordinate functions is adopted.
it is no able to yield accurate trans\\..'rse shear stresses [see. for instance. Savoia el al. (1994)].
In fact. using C ' -continuous coordinate functions. the shear strcss discontinuity at the
layer interfaces is equal to the value of the shear str,lln lllultiplied hy the jump of the shear
modulus [see eqn (14h)]:
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(61)

and cannot be reduced even if a large number of coordinate functions is adopted. Hence,
the I-order accuracy error bound, being dominated by the difference of shear stresses, is
expected to be rather wide for laminated beams.

The higher order theory proposed by Savoia et al. (SHDT) overcomes this drawback
by adopting a set of coordinate CO-continuous functions defined as:

(62)

where functions tiillCr) are obtained from the following recursive formula:

with tiio = y. Equation (63) is integrated making use of the interface conditions [tii,,] = 0 at
y = y,(i = 1, .... N - I) and the (weighted) null mean value condition:

J
'! 2 Cill 11~1I d\' = 0, n = 1, ... , fJ j

I 2

(64)

Equations (62) and (63) correspond to the exact definition of the cross-sectional
warpings for the interior problem of a transversely indeformable multilayered beam subject
to a transverse load varying according to a polynomial law. In particular, a number
nr = int[(p + 1)/2] of warping functions provides for the exact solution for a transverse load
of order p. The coordinate function W" is given by a polynomial law of order 2n + I through
each individual layer and presents discontinuous derivative at the layer interfaces, as is
required to satisfy the shear stress continuity reported in eqns (2a).

6. A SIMPLE CASE CONSTANT SHEAR RESULTANT

The simple case of a multilayered beam subject to a constant shear resultant Tis useful
to understand the mechanical meaning of the additional axial and transverse displacements
L1uI and L1u 2 derived in Section 4.

The 1-D solution given by SHDT is considered first, which yields the exact solution
(under the assumption of transverse inextensibility) in the form of eqns (9) and (10), with
one warping function only [n l = I in eqns (62) and (63)]. Making use of boundary conditions
~ = O. rp = 0 at x = 0 and rp' = 0 at x = 1, the transverse deflection, the average rotation
and the warping amplitude are obtained in the form:

T (L'l ( X) T Lu~(x) = Lt/(x) = ') " T) :c' I - ~ + -r-- II x,
~C I III" 1 C I21z k

T L; ( X')
rp(X) = .x I -. .

C'IIIII" h' , 2

x(X) =
D,,, T
.~- ~.~ .._-- = const,
DOj}'IJ C'1'I,kh

(65)

where k is the shear correction factor for the multilayered beam defined as:
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Following the guidelines of Section 4, the following S admissible stress field:
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(66)

T\ L
,I: [I D"" j~~1C'I~~~k;I'(f I I = Cflll I. IT I: = C (f:: ~ = 0 (67)

C , I 11: D"""

and refined displacement field:

T

(" I I 11,
" /I, (I') d]'.
."

lI, = T I (LII·.··.)·x: (,]
2Cit .

(68)

are derived. Since the additional term in the axial displacement (68a) is constant along x.
eqns (35) state that the K admissible stress field. which can be obtained from eqns (68).
coincides with eqns (67). Hence. eqns (67) and (68) represent the exact 2-D solution of the
problem. Note that the SHOT 1-0 solution ofeqn (65) differs from the exact displacement
field (68) for terms related to the Poisson coefficient only. It can be verified that for
homogeneous and three-layered isotropic beams this solution reduces to those obtained by
Timoshenko and Goodier (1970). and Sierakowski and Ebcioglu (1970), respectively, by
making use of Airy stress function.

For a constant shear resultant. the exact 2-D solution can also be obtained starting
from the 1-0 displacement field given by FSDT or even by CLT. For instance. starting
from eqns (38) and CLT lateral deflection:

(69)

where CPo is the rotation at.\ = O. the following 2-D displacement field is derived:

J
j" SI:I:~I:,(ndt

,,:11

T (1-)'\_(i 1_.\)+ J\ L
l/, = I ~ II 1I,(Y) + CPoLx
- 2el I I I, " I. \ . i C'I I I,

which coincides with eqns (68). apart from a rigid body rotation given by:

T

(70)

(7la)

In particular. the second term at the right-hand side of eqn (70a) represents, to the
accuracy of the rigid body rotation CPo, the cross-sectional warping due to shear strains (see
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(SHOT)

(a)

M Sa\l)ia

T
G,Oo

, I

I

(FSDT)

(b)

,-----~-,

I

I

I

(CLT)

(e)

FIg: , Crc),,-,~c:tl<>nal lIarplng: dl1~ [<> ,h~ar strain, for a typical three-layered beam with a soft
l11ternal core

Fig. 2). The same displacement field can he obtained starting from FSDT. In this case, the
rigid body rotation turns out to be hee Fig. 2):

(7lb)

? '-.1'vlFRIC\L EXAMPLES

In this section, the accuracy of classical and higher order 1-0 models is estimated with
reference to simply-supported multilayered beams under sinusoidal transverse load:

li(.\) = P" sin x"x,

where ".I." = I17l. For higher order 1- [) models, the solution can he derived by setting:

1/(.\)=II"sinx,\, (i1(\) = (P" cos ".I."X, X(x)=X"cosx"x

(72)

(73)

so reducing e4ns ( 15) to an algebraic system for the unknown coefficients '1/1' <Pm Xli" In this
case, the solution wavelengths defined in e4ns (46) and (50a) are II = 12 = 1= L/ll7t and,
correspondingly. for all the I-D models (I = C I nn and ell = C"!(nn)2.

In the numerical examples. n = 1 is considered and three different sets of elastic
coefficients are adopted. corresponding to two isotropic materials (denoted by Il and 12)
and an orthotropic (01) material:

(I I) L, = F, = 200 GPd. 6"" = 77 GPa, I" 12 = 0.3;

(12 ) F 1 = I~', = IO(jP~I. 6"1- = 4GPa, 1"12 = 0.25 ;

(011 F, = 200 GPa. F - 12GPa. C; [' = 8GPa, I" 12 = 0.3.

Figures 36 show the actual relative errors el and ell [with respect to the exact 2-D
solution by Pagano (1969)] as a function of the beam height-to-Iength ratio, for a single­
layer isotropic (II) beam, a single-layer orthotropic (01) beam, a three-layered isotropic
(11-12-11) beam and a three-layered orthotropic (01-12-01) beam. The errors have been
computed for CLT. FSDT. LHDT and SHDT. As for the two higher order theories, the
number of terms adopted for the axial displacement is reported in parentheses. For each
theory, dashed and solid lines denote I-order and II-order error bounds, respectively. All
the figures confJrm the asymptotic behavior for L h --> Xc predicted in Sections 4 and 5, that
is of O(h L) for the I-order error h,)unds and 0(h 2 L 2) for the II-order error bounds. The
I-order and II-order accuracy coefficient (I and ell for the four beams considered are
reported in Tables 2 and 3. Since the I-order error bounds (dashed lines) are dominated by
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Fig. 3. Isotropic single-layer beam under sinusoidal transverse loading: actual relative error bounds
versus length-to-height ratio for classical lamination theory (CLT). first order shear deformation
theory (FSDT) and for La et al. (LHDT) and Savoia et a/. (SHOT) higher order models. I and 2

stand for 1- and II-order error bound, respectively.
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e

Fig. 4. Orthotropic single-layer beam: actual relative error bound versus length-to-height ratio for
CLT. FSOT, LHOT and SHOT. I and 2 stand for 1- and II-order error bound, respectively.
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Fig. 5. (a,b) Isotropic three-layered beam: actual relative error bound versus length-to-height ratio
for CLT, FSDT, LHOT and SHOT. I and 2 stand for I· and II-order error bound. respectively.

The number of coordinate functions adopted for axial displacement is reported in parentheses.
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Fig. 6. (a,b) Orthotropic three-layered beam: actual relative error versus length-to-height ratio for
CLT. FSDT. LHDT and SHDT. I and 2 stand for 1- and II-order error bound. respectively. The

number of coordinate functions adopted for axial displacement is reported in parentheses.

Table 2. I-order accuracy coefficient (, for single-layer isotropic (II) beam, single-layer orthotropic (01) beam,
three-layered isotropic (1112 [I) beam and three-layered orthotropic (01-12-01) beam

(" ;>; (;'(h I)

1-0 model

I
(II)

I
(01)

_
•.•••••••.•••••••.•••.•••.•••.•.•.1..•.'••.•••••••••.•••..•.••.••.••.•. ]O.2h.•.•~.•.....

........ ,: ]0.2h

(11-12-11)
1

1 ]0.2h

II
';;' ]0.2h
(01-12-01)

CLT
FSDT

Lo 1'1 al (I)

Lo 1'1 al (2)
Lo 1'1 al (3)

Savoia 1'1 al (I)

0.5255
0.1860
0.0360
00360
0.0360
0.0360

1586
0.6379
0.01162
0.01162
0.01162
0.01162

1.750
1.619
1.235
0.7509
0.7130
0.03559

1.841
0.9973
I. I71
0.2869
0.2405
0.01165

Table 3. II-order accuracy coefficient (II for single-layer isotropic (II) beam, single-layer orthotropic (01) beam,
three-layered isotropic (1112 [II heam and three-layered orthotropic (01-12-01) beam

I-D model
I

(11 )
I

(01)
1

1 ]0.2h

'J~(01-12-01)

CLT
FSDT

Lo ('/ al (I)

Loeral(2)
Lo ('/ al (3)

Savoia 1'1 al ( I )

0.2988
0.1168
O.IOlO
o IOlO
0.1010
0.1010

2.561
0.6501
OAI08
OA108
OAI08
OAI08

3.239
2.827
1.638
0.6381
0.5856
0.2048

3.428
1.132
0.3729
0.3720
0.3651
0.3584

the difference of shear stresses [see eqn (32)], the higher order theories represent a notable
improvement over both CLT and FSDT. For instance, for the 0 I-beam, CLT and FSDT
yield coefficient CI even 136.5 and 54.9 times greater than higher order theories (see Table
2).

It is worth noting that, for single-layer beams, the coordinate functions adopted by
the two higher order models are the same, so that they give exactly the same results.
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Moreover. the asymptotic behavior is independent of the number of terms adopted. In fact.
for L/h ~ Y- the load wavelength tends to infinity [sec eqn (72)]. and the corresponding
solution requires only the (first) cuhie Legendre's polynomial for the axial displacement.
The behavior of two higher order models is complete]y different for laminated beams. For
instance. the error related to SH DT is substantially the same for II-beam and 11-12-11­
beam as well as for Ol-beam and 01 I~ Olheam (see Table ~). and it is still independent
of the number of terms adopted. In fact. the first coordinate function t/!I(Y) defined in eqns
(62) and (63) provides for the closed form solution for a uniform transverse load for any
beam lamination. On the contrary. LHDT does not satisl\ the shear stress continuity at
the interfaces and yields an error more than ~O times greater than SHDT for both laminated
beams (see Tahle 2). Moreover. CLT gives an error -ll).~ and 15X times greater than SHDT
for the isotropic and the onhotropic laminated beams, respcctively.

Finally. Figs 3-6 clearly sho\\ that the asymptotic behavior of the error bounds
predicted by eqns (31) and (36) is valid for!. 174 /, whcreas It can lead to erroneous
conclusions when beams of linite length are considered. For instance. Figs 4 and 5 show
that. for laminated beams. the I-order error bound I'llI' SHDT is narrower than the II-order
error bound for FSDT if L h < 200. and even narnmcr than the II-order error bound for
LHDT(3) if L:h < 50. Moreover. for classical theoriL', and LH DT. thc II-order error bound
can be even wider than the [-order error bound if thick (I. h < 10) beams are considered.
This is not the case of SHDT. where the improved K-admissible solution represents an
improvement over the lower accuracy solution for thl' \\hole range of Uh.

In Figs 7 and Xthe shear stress distributions at .\ = 0 given by I-D models for a thick
(Uh = 4) onhotropic 01 I~OI-beam are comparl'd \\Ith the exact solution. It is worth
noting that SHDT yields very aeeura te shear stresses (Fig. 7a). \\ hereas this is not the case
of LHDT (Fig. 7b). due to the jumps at the layer 1I1terfaces \\hich cannot be reduced by
increasing the number of coordinate functions. !'Igure X sh()\\s the stress distributions
derived from FSDT. i.e. the basic I·D solution. the S admiSSible and the lower accuracy K
admissible solutions. As announced in Section -l. the contrIbution to shear stresses included
in the K admissible solution does not represent a sigllllicant improvement over I-D solution.
On the contrary. the S admissible solution is a good apprOXimation of the exact solution,
This circumstance represents the main motivation of Danielson' technique of deriving the
improved K admissible stress field by making the related shear stress equal to the S
admissible shear stress.

For the three-layered isotropic (II 12 11) and ,mhotropic (0112-01) beams. the
coefficient C~I is reported in Fig. 9a.o as a function of the face thickness ratio 61 = 2d/h. For
the isotropic beam (Fig. 9a). SHDT yields coeflicienls (I which are substantially inde­
pendent of (it (e l = 0.0306 for (i, = 0 and = O.036f1 for ,i, = I). On the contrary. the
accuracy of both classical theories and LHDT stronglv depends on the relative thicknesses
of faces and core. For instance. (I for FSDT is eqLlal to 0.1851 for homogeneous beams
((5 t = 0 and (i l = I) and rises Lip to 1.6536 for '\ = 0), In fact. the assumption of linear
variation of axial displacement over the beam height breuks down for laminated beams. As
for LHDT. Fig. 9a shows that for (5., > 0.7 the addilion of more terms in the displacement
expansion does not represent a signifIcant improvemcnt over FSDT. whereas it does for
61 < 0.5. For the orthotroplc beam (Fig. 9b) similar conclusions can be drawn. In this case.
the maximum error occurs for (S. = 0.6 for classicallhcones and for (i, = 0.8 for LHDT(3).
On the contrary. (I given by SHDT decreases monotol1lcally from ,i; = 0 (e l = 0.0306) to
61 = 0.6 (e l = 0.0115) and is almost constant Lip to Ii = I ({I = 0.(116).

For the same two laminated beams. coeftleients (II are reported in Fig. 10a.b. Note
that the accuracy of LHDT significantly depends Oil the beam lamination: for the isotropic
beam with (51 < 0.2 the accuracy of LHDT(3) and SHDT( I) are comparable whereas. for
6( = 0.8. ell for LHDT(3) is 13.7 times greater thall for SHDT( I).

Finally. coefficients (I and (II for laminated isotropic beams with (i l = 0.4 are reported
in Fig. II a and b as a function of the Young modul LIS ra tio 1"1 = E' I, 'E' 21 of external layers
and internal core. For the core. pCI and G,e, corre~pond to 12-material whereas, for the
external faces. Young modulus £,11 ranging from O.fl2 E'~' to 20 E1C) and shear modulus
Gill = £1

11;2.5 arc considered. As for SHDT. the I-order accuracy coefficient (Fig. Ila)
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-- 2-D solution
- - - FSOT
••••• SHOT C1l
~~ SHOT (3

-0.1 -0.0 0.1 0.2 0.3 0.4 0.5 a'2

-- 2-D solution
••••• LHOT (1l
~ LHDT (3

-0.1 -0.0 0.1 0.2 0.3 0.4 0.5 0.6 a'2

(a) (b)

Fig. 7. (a,b) Shear stress distributions d" = <rdO,y)h P1L for the orthotropic (01-12-0l) beam.
The results given by FSDT. LHOT and SHOT are compared with the exact 2-0 solution by
Pagano (1969). The number of coordinate functions adopted for axial displacement is reported in

parentheses.

-- Exael 2-D solution
--- FSDT ~l-D)
••••• FSDT SAdm, I.KAdm)
......... FSDT L.A.KAdm)

0.0 0.1 0.2 0.3 0.4

Fig. 8. Shear stress distributions d l' = (J dO..l')hpl L for the orthotropic three-layered beam
obtained by refining the results given by FSOT: 1-0 solution, S admissible and improved K

admissible solution. lower accuracy K admissible solution.

weakly depends on fE, varying from 0.0197 for rt. = 0.02 to 0.0330 for f E = 20. On the
contrary, the accuracy of all the other theories varies significantly if external faces softer or
stiffer than the core are considered. For instance, e' for LHDT(3) is always less than 0.0675
for f E ~ I, but it strongly increases when stiff faces are considered, raising up to 0.7168 for
rE = 20. Finally, Fig. 11 b confirms that the improved K admissible solution represents a
significant improvement for classical theories and LHDT. In fact, when rt. < 2 (fE < 10),
e" given by FSDT (LHDT) are comparable with that given by SHDT.

CONCLl'SIONS

The Prager-Synge hypercircle method has been used to derive error bounds for classical
and higher order laminated beam theories. A statically admissible and a lower accuracy
kinematically admissible stress field are derived, whose relative mean-square error is O(h/f)
for h/I-. O. Then, a generalization of Danielson's technique to orthotropic multilayered
beams is given, in order to obtain an improved kinematically admissible stress field and a
corresponding asymptotic form for the relative error of O(h2 /1 2

). Two coefficients e1 and
ell, named 1- and II-order accuracy coefficients, are defined and employed to estimate the
accuracy of stress fields derived from I-D models. These coefficients are given in explicit
form for CLT, FSDT and higher order theories by Lo et al. (1977) (LHDT) and Savoia et al.
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(1993) (SH OT). and are q uantitati\l~ly computed for multilayered beams under sinusoidal
transverse loading.

The examples presented show that. unlike the single-layer models based on C
y
,"­

continuous coordinate functions (CLT. FSOT. LHOT), the accuracy of SHOT is sub­
stantially independent of the beam lamination and degree of orthotropy of the individual
layers. Moreover. the I-order error bound derived from SHOT can be even 150 and 20
times narrower than those given by CLT and LHOT, due to the very accurate representation
of shear stresses over the beam height. On the contrary, the improved axial displacement
represents a good improvement for LHOT. so that the corresponding error bound is only
slightly wider than for SHOT.

In the numerical examples. it has been shown that even for isotropic laminated beams,
the error bound of O(h= L:) for FSDT and LHOT can be much wider than the error bound
of O(hL) for SHOT if L h < 200 and L 11 < 50, respectively. This circumstance represents
the main motivation to develop refined I-D higher order beam theories, yielding ab initio
accurate stress distributions.

The proposed error bounds apply to displacement-based models based on the kine­
matic assumption of inextensibility in the transverse direction. This assumption is par­
ticularly appropriate for orthotropic beams. For instance. Sayir (1980) performed an
asymptotic expansion of 2-D elasticity equations for homogeneous strongly orthotropic
materials [E[ G[' = O(1f:!.: )J. obtaining a set of displacement equilibrium equations
where the transverse displacement is constant through the beam height. Moreover, in
Savoia and Tullini (1994) it has been proved that both the interior and boundary exact
solutions reduce to those given by the 1-0 theory when G 1 :.E1 -> O.
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,\PPE"DIX

Equations (151 are rewritten as loll,,,,,

0"
111

D.'
Ip)-+- n"'-Z=

(
Till.

-IJ II

("1 I
II II

II

where T(x) = L I 1'(.1') ell' + I" IS the shear resultant and matn\ .\ IS defined as
... (1

A = D"~ --=_D,,D
D

(AI)

(A2)

From eqns (AI) the average ,hear deformation
derivatives of IfJ and z:

<p and vector Z can he expressed in terms of second

h .'
(1 = I. I) [g'f H/, (p'].

where

iII -
Z ~. I, I. ) [Ej T e, In']. (A3)



544 M. Savoia

=SA- ID,.• /
e, D. n'e ll, ! 1\

(A4)

Then. making use ofeqns (14) and (A3) the shear stress can be written in the form ofeqn (51). Finally, substituting
eqns (A3) in eqns (Ala,b), straightforward algebra yields:

L
i{/ = c, -ll1.

h'

L'
w"=c,-M'IIJ

h'
(AS)

where c, and c. are sets of coefficients which depend on the beam lamination and the coordinate functions adopted,


